The regularization of the well-known analytical formulation of the monochromatic electromagnetic wave scattering problem from two neighbor impedance circular cylinder system is presented. It is the improvement and extension of the work done for scattering from two perfectly conducting circular cylinders. Numerical results show that it is numerically much safer to solve the obtained infinite algebraic system at a lower truncation number also by ensuring the reliability of the solution.
INTRODUCTION
During the research for either basic sciences or engineering, capabilities of computers nowadays are alleviating many difficulties of numerical simulations. With proper software, obtaining the features of interest for an investigation became a rather swift process regardless of its staying within certain limits. For a more general model, scientific computation requires generalization of the basic approaches and writing specified codes. Combined together, the ways to simulate a physical or an engineering process are quite various, owing to the present techniques of using the capabilities of modern hardware and software.
We can meet the concerns about the numerically stable simulation of an analytical model, starting at least five decades ago ([1], [2] ). An end of millennium survey of efforts to improve numerical stability of the growing class of problems that can be modelled in mathematical rigor can be found in [3] . With the advent of the numerical techniques, the variety of attacked problems in engineering electromagnetics attained such a level that even the capacity of the modern computers required provident usage with the same concerns mentioned above (e.g. [4] ). Nevertheless, the examples among analytical formulations can be shown on how the abundance of computational facilities may lead to overlooking at the numerical implementation issues. Since many modern researches on nanotechnology, bioelectromagnetics, acoustics and designs of power lines of transmission have to rely on their important problems being modelled analytically (e.g. [4] - [5] ), reviving these issues is quite important.
Here we present an electromagnetic scattering problem that has a very simple geometrical configuration (Fig.1) , and is important for nano-technology and meta-material science ( [7] ). This formulation corresponds to integral formulation (IF) in [2], and will be expressed as an infinite linear algebraic system of the first kind (LAES1). As stated in [3] and exemplified in [6] , the verifications of the numerical solutions to a certain boundary value problem reduced to such a LAES1, being held with physical requirements such as reciprocity of the fields or boundary conditions, are circumstantial. Because it is well-known ( [3] , [9] ), that the only practical way to obtain a reliable and stable solution avoiding the round-off errors is making sure that the condition number of the truncated algebraic system does not reach (preferably) or exceed (meaning no significant digits are obtained) the word-length (i.e. 53 bits or 16 decimal figures for standard PC). This fact was taken into account in [2], [3] and [6] , in the first for the two perfectly conducting circular cylinders, while in the last for the two layered eccentric circular cylinders. In this work, the novel extension of the well-conditioning strategy is being presented for two neighbour circular impedance cylinders seen in Fig. 2 . Resulting linear algebraic system is of the second kind (LAES2) i.e. (I+K)y=g, y,g l 2 where I is the identity operator and K is a compact operator in l 2 . The illumination is performed parallel to the longitudinal axes of the cylinders, thus a two dimensional problem is under consideration for both TE and TM polarizations. Nevertheless, all the formulation will be given for the TM mode, since the TE mode formulation is very similar.
FORMULATION
In Fig. 1 , O m stands for the position vectors of the centres of the polar coordinate systems ( m , m ) for two neighbour circular impedance cylinders indexed m=1 and m=2, respectively. The vector for the coordinate differences is defined in polar coordinates as d 12 
The time harmony of the electromagnetic waves is defined to be e -i t . The dielectric permittivity 0 and the magnetic permeability 0 of the host medium, as well as the surface impedances of the cylinders 1,2 , are complex valued quantities in general. All the magnetic (electric) field components are expressible via E z (H z ) in all regions, which are the unique components of the E (H) fields for the TM (TE) modes. Total E z (H z ) in all host medium consist of outward travelling (scattered from each cylinder) and standing wave components (incident from the source). Focusing on TM polarization, total E z in the polar coordinate m=1,2 is the following (for the neighbour m N =2,1): 
T n (0) is assumed to be known for the incident field (see e.g. for corresponding expressions in case of a plane wave, [1]). R n (m) is the unknown coefficient of reflection from the circular boundaries. Here, "the cap" on it with the doubleindex term under summation in last two lines in (1) (and in the expressions below) indicates that it is the translated expression from polar coordinates m N to m by Graf's addition theorem for Bessel and Hankel functions [10] . Writing (1) twice for the radii m =a and, mN =b of the configurations in Fig.1 by employing the impedance boundary condition (IBC) for the total field at each boundary m, i.e. E z = m H for TM polarization, we arrive at the following infinite LAES1:
Here, the single sub-index entries are vector blocks or matrix entries which form diagonal matrix blocks. Double index matrix entries obey the form in (1). For all the entries of the matrix and the right hand side vector, the relation 
REGULARIZATION
The properties in Table 1 [11] are crucial to understand the infinite LAES1 in (2) which is in the form Ax=b. The passage from the expressions there in column 2 to 3 is performed using the asymptotic Stirling formula n! (2 n) 1/2 (n/e) n [11] .
Consequently, the truncation procedure of the LAES1 in (2) for numerical evaluation is ill-conditioned since the Euclidian norm [12] of the infinite matrix A is unbounded. Therefore solutions of such a LAES1 are unprotected from the round-off errors. In [2] it was recognized that, the proper scaling for the unknown coefficients regularizes the LAES1 to a LAES2 for two perfectly conducting neighbour cylinders. Our aim here is to implement the same for the two neighbour cylinders with IBC. Understanding the structure of the reflection coefficients in (1) of an IF [1] can be useful for accomplishing this. They possess rapidly decreasing behaviour proportional to J n (t) and its derivative as n (Table I) . Therefore their scaling in the form x=Ry is formulated with the diagonal matrix R. It bears asymptotically similar functions among the ones presented in Table I 
The two choices of F n m ( m ) and the corresponding left operator L to transform the LAES1 Ax=b into a LAES2 (I+K)y=g where y,g l 2 , as (I+K)=LAR, y=R -1 x and g=Lb with I the unit operator are tabulated in Table 2: Letting 1,2 to be some real valued constants of asymptotic analysis, both functions in Table II lead (4) and prove that K is a compact operator in l 2 as long as d mmN >b+a, which is naturally satisfied. Here, k ns (1,2) are entries for the matrix blocks K I , K II respectively.
NUMERICAL RESULTS
The numerical results below are calculated on a couple of impedance cylinders with radius k 0 a=2 for the first one and k 0 b=3 for the second one, when their centres are aligned on x axis and k 0 d=7.5 unless otherwise indicated.
In Fig.2 , r =4 for the host medium and there are two cases of the condition numbers ( ) of the algebraic systems. Above there is a comparison between of LAES1 and LAES2. Normalized impedance index (NII) axis indicates the 10 steps of increment for 0<| 2 |<1 for purely imaginary 2 while the second cylinder is perfectly electrically conducting (PEC). Notice that LAES1 could be scalable in the plot only by log10 of their values while LAES2 values are pretty small in comparison (see [8] for the similar behaviour of the approach equivalent to obtaining LAES1 for a single IBC circular cylinder). Below we plot the three cases for LAES2 for 0<| 2 |<10 with real values, with the same NII steps as above. These cases have 3 values for 1 in the figure as noted there as , where its zero value indicates PEC boundary and unit value figures a match in the impedance i.e. the host medium. of LAES1 are worse than that of LAES2 in the same manner as in the previous case therefore we omitted to plot them here. In this graph, we observe the typical saturated behaviour of the with increasing truncation number for LAES2 for each of the considered cases. It suggests that the system is stable to obtain a more accurate solution by increasing the truncation number. In Fig.3 in free-space, for three different k 0 d values, the TE polarized scattered forward and backward cross sections are depicted. Incidence angle is in the polar coordinate system of the first cylinder. The values for the backward cross section are larger for smallest k 0 d while the opposite is observed for the forward cross section. But increasing the distance between the cylinders does not lead to monotonically increasing (decreasing) backward (forward) cross-section values.
In Fig. 4 very similar scenario as in Fig. 3 takes place for a TM polarized incident plane wave. The same observations as the TE case concerning the forward and backward cross sections are present in this case too. Only the values of the cross-sections of this polarization are observed to be much smaller than that of the TE polarization case.
CONCLUSIONS
In this study, an example to an analytical formulation with ill-conditioned numerical scheme and its remedy is presented to emphasize the pitfalls of a numerical treatment during a scientific computation with analytical formulations. Fig. 3 The monostatic RCS of TE polarization with 1 =0.5+i0.5, 2 =0.5-i0. 5 For both TE and TM polarizations, scattering of the electromagnetic waves by two circular impedance cylinders are represented based on the integral formulation [1]. The impedance boundary condition resulted into an infinite linear algebraic equation of the first kind that is subject to severe round-off errors during its solution. We revived an old regularization approach with its new version for the considered problem. It transformed the ill-conditioned equation system to infinite linear algebraic equation of the second kind in l 2 , thus well-conditioned it for solving it by numerical truncation procedure. This is demonstrated by the plots of the condition numbers of the both algebraic systems. The regularization technique itself is based on the analytical formulation of the considered problem and obtained results are open for future comparisons with other numerical approaches (e.g. [13] ). This can help testing the validity and capability of the methods in both ways and lead to an extension of the considered simple problem to a more general one. 
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